This paper presents a systematic approach to the discovery, i n terpretation and veri cation of various extensions of Hurwitz's multinomial identities, involving polynomials de ned by s u m s o ver all subsets of a nite set. The identities are interpreted as decompositions of forest volumes de ned by t h e e n umerator polynomials of sets of rooted labeled forests. These decompositions involve the following basic forest volume formula, which is a re nement o f C a yley's multinomial expansion: for R S the polynomial enumerating out-degrees of vertices of rooted forests labeled by S whose set of roots is R, with edges directed away from the roots, is
This paper presents a systematic approach to the discovery, i n terpretation and veri cation of various extensions of Hurwitz's multinomial identities, involving polynomials de ned by s u m s o ver all subsets of a nite set. The identities are interpreted as decompositions of forest volumes de ned by t h e e n umerator polynomials of sets of rooted labeled forests. These decompositions involve the following basic forest volume formula, which is a re nement o f C a yley's multinomial expansion: for R S the polynomial enumerating out-degrees of vertices of rooted forests labeled by S whose set of roots is R, with edges directed away from the roots, is Hurwitz 21 discovered a number of remarkable identities of polynomials in a n i t e n umber of variables x s ; s2 S, i n volving sums of products over all 2 j j subsets A of some xed set S, w i t h e a c h product formed from the subset sums x A := P s2A x s and x A = x , x A , where A := , A. This paper develops a systematic approach to the discovery, i n terpretation and veri cation of identities of Hurwitz type such as 2-4. This method is related to, but not the same, as Knuth's method in 32 and 31, Ex. 2.3.4.30 . There Hurwitz's binomial theorem 3 was proved by i n terpreting both sides for positive i n teger x; y and x s ; s2 a s a n umberof rooted forests with x + y + x + j j vertices, subject to constraints depending on the x s . The present method is closer to the approach o f F ran con 18 , who derived 2 and 3 using a form of Cayley's multinomial expansion over trees, expressed in terms of enumerator polynomials for mappings from S to S. Section 2 introduces the notion of forest volumes, de ned by the enumerator polynomials of sets of rooted labeled forests, with emphasis on a generalization of Cayley's multinomial expansion over trees, called here the forest volume formula. This formula relates Hurwitz type identities to decompositions of forest volumes. Probabilistic interpretations of forest volumes were developed in 40, 41, 42, 43 . This paper, written mostly in combinatorial rather than probabilistic language, is a condensed version of 40 . A c o mbined version of 40 and 41 appears in the companion paper 44 . Section 3 o ers two di erent extensions of the forest volume formula. Then Section 4 presents a number of Hurwitz type identities, with proofs by forest volume decompositions. Finally, Section 5 points out some specializations of these Hurwitz identities which give combinatorial interpretations of Abel sums.
Forest volumes
Rooted labeled forests. Fran con's approach to Hurwitz identities is simpli ed by w orking exclusively with various subsets of the set F S := fall rooted forests F labeled by Sg whose enumerative c o m binatorics has been extensively studied 37, 2.4 and 3.5 , 54, 5.3 . Each F 2 F S is a directed g r aph with vertex set S, that is a subset of S S, each of whose components is a tree with some root r 2 S, with the convention in this paper that the edges of F are directed away from the roots of its trees. As explained later in this section, this notion of forest volumes includes both the probabilistic interpretations developed in 43, 41, 42, 40 , and the forest volume of a graph de ned by Kelmans 29, 26, 27 . Consider the volume of all forests F 2 F S with a given set of roots R. where each side is a polynomial in variables x s ; s2 S, a n d S = R with R = ;. Consideration of 7 for small jSj leads quickly to the following generalization of Cayley's multinomial expansion over trees 13, 47 : Theorem 1 The forest volume formula 13, 45, 47, 18, 11, 40 For R S, the volume of forests labeled b y S whose set of roots is R is V S rootsF = R = x R x jSj,jRj,1 S : 8 Proof. Observe rst that 8 transforms 7 into the following Hurwitz type identity of polynomials in variables x R and x s ; s2 :
x R x R + x j j,1 = X A x jAj R x A x j j,jAj,1 : 9
But 9 is very easily veri ed directly, and 8 follows from 7 and 9 by induction on jSj. Now sum over all T and apply the tree volume formula to deduce the forest volume formula.
Reformulation in terms of mappings. The forest volume formula is easily recast as a formula for the enumerator of mappings from S to S whose set of cyclic points is a set of xed points equal to R. This mapping enumerator was derived by F ran con 18, Prop. Probabilistic interpretations. Suppose in this paragraph that x s ; s2 S i s a probability distribution on S, meaning x s 0 f o r a l l s 2 S and x S = 1 . Let F 1 denote a random tree distributed according to the forest volume distribution restricted to forests with a single tree component. That is to say, f o r e a c h tree T labeled by S, the probability t h a t Forest volumes of graphs. In the particular case when B is the set of all forests contained in some directed graph G with vertex set S, Kelmans, Pak and Postnikov 26, 27 call the polynomial 18 the forest volume of G. They obtain a formula for the forest volume of a graph G built up by a composition operation from simpler graphs, and apply this formula to obtain some Hurwitz type identities by the same method of forest volume decompositions used in this paper. In 26, 27 the basic building block f o r explicit formulae is taken to be the tree volume formula 26, 1 2 . 1 a n d 2 7 , 3.2 rather than the forest volume formula. But the forest volume formula yields Hurwitz type sums more easily, a s c a n b e s e e n b y comparing the previous discussion around 15 -16 Proof. Let Adding the right sides of 20 and 21 gives a simple formula for the probability P S;k r 2 rootsF . This formula can be checked by summation of the forest volume formula over all R containing r with jRj = k. Obvious variations of this argument yield formulae for P S;k rootsF A a n d P S;k rootsF A f o r A S. Proof. This is similar to the condensation argument used in Section 2 to reduce the forest volume formula to the tree volume formula. For F 2 F S with F G, de ne a G-condensed forestF, w i t h v ertex set rootsG, by the following adaptation of Moon's construction in 34, 37 : collapse each tree component T r G o n to its root r, and link these components according to F. A in which 0 is a leaf vertex and the variable x 0 is set equal to 0 to achieve this constraint.
2
The particular case m = 0 of the next result gives another interpretation of the same Hurwitz identity 2. See also 40 for discussion of further interpretations of 2 in terms of random mappings, including those of Fran con 18, p. 339 , and Jaworski 23, Theorem 3 , whose equivalence with the interpretations given here can be explained using Joyal's bijection 24 between marked rooted trees and mappings 9 . there is a directed path from 0 to s in F which does not pass via 1, using 13. Proof. This follows easily from the tree volume formula by iteration of the argument leading to 7.
The instance of 31, with x s 1 for all s 2 a n d x 0 a positive i n teger, was discovered by Katz 25 , who used it to show that the number Cn; k of mappings from an n element set to itself whose digraph is connected with exactly k cyclic points is the M s are independent with a common probability distribution which might not be uniform.
Remarks. The identities in this section were rst obtained in 40 by nding the probability o f s o m e e v ent determined by a random forest in two di erent w ays. More identities of this kind can be gleaned from 40 or derived by the same method. The technique of conditioning on a suitable subtree yields Hurwitz type sums for many other probabilities of interest. A polynomial sum of 2 n terms is of course hard to compute for large n, but not as hard as the typical sum of n n,1 terms which de nes the probability, and large n asymptotics of many Hurwitz sums can be handled as in 5, 4, 8, 12 . 5 Abel identities 
